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:1 INTRODUCTION 
We shall apply herein the Doppler and aberration 
principles to gravitation, as if it were a wave phe-
nomenon of finite velocity as assumed by Sulaiman in 
his article in the Proceedings of the Academy of 
Science, U. P., India, Vol. 4, Part 1, pp. 1-36, 
August, 1934. His results and conclusions have been 
held both as a great achievement and a complete failure 
by leading scientists. He, however, solved his equations 
by a method of approximations. It is our desire to ob-
tain a more exact solution of the equations resulting 
from his assumptions and apply them to the orbit of 
Mercury as one of the proving grounds for such theories 
since Newton's law of gravitation is not quite followed 
in this case. We shall show by two tests that the re-
sulsts thus obtained are not in accord with the accept-
ed value of the advance of perihelion of Mercury, when 
we solve the equations without any approxi~~tions other 
than those which are shown to be less numerically than 
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HISTORY LEADING UP TO OUR PROBLEM 
The heavenly bodies and their motions in the skies 
have been a source of admiration and wonder of mankind 
from earliest times. The march of the sun through the 
day and of the stars through the night have indicated 
to him a system and organization. He has ever tried 
to find the system in the motions of the heavenly bodies. 
The planets or "Wanderers" have ever been the objects 
of his study as something different from the ordinary 
stars. From these early curiosities has arisen the 
great science of Astronomy and much in the realm of 
Physics. The names of Hipparchus, Ptolemy, Copernicus, 
Galilee, Tycho Brahe, Kepler, Newton and a host of 
others all remind us of the progress that has been made 
in a better understanding of our solar system and of 
the universe. 
2 
Hipparchus developed a science of epicycles and 
trigonometry to simplify the study of the heavenly bodies. 
Ptolemy ·was the successor of Hipparchus and elaborated 
and extended his work so that Ptolemy's digest of astron-
omy VIas the standard of scientific knowledge for thirteen 
centuries. Ptolemy had pJaced the earth at the center 
of the solar system, but Copernicus replaced the sun 
in its rightful position and considered it in addition 
jl 
.. 
the center of the universe. Then Galilee, the father 
of modern science, formulated the l2ws of falling bodies 
and invented a telescope which added much to man's 
power in studying the heavens. New instruments and new 
methods needed a man to make many observations, and 
such was found in Tycho Brahe. Kepler, the pupil of 
Tycho, took his many observations and the accumulated 
knowledge of the past and announced the laws of planetary 
motion, known as Kepler's three laws. Newton, the great-
est scientist of all ages, brought together the physical 
discoveries of Galilee and the as·~tronomical laws of 
Kepler and united them with the mass- of accumulated 
scientific data and phenomena into a consistent com-
prehensive whole, a set of fundamental laws, -- the law 
of universal gravitation, and his lav1s of motion. He 
showed that the bodies of the heavens as well as the 
objects on earth are drawn together by some force in 
the s:"'me manner. And he, the true scientist that he vias, 
would not announce his law of gravitation for over 
twenty years because his law would not check with the 
experimental values for the mot ions of the moon. It 
was not until a recalculation on the earth's diameter 
showed it to be in error, that Newton again took up the 
calculations on the moon,.·· ( found his l'J.W of gravitation 
3 
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gave results consistent with the motions of the moon, 
and announced it to the world. Thus he showed thet it 
was the same force that caused a body to fall to the 
earth that holds the moon in its path about the earth. 
This law was a summarization of the experience of man-
kind as developed from the experiments and experience of 
philosophers and scientists from the time of Hipparchus. 
The planets had been shovm by Kepler to revolve 
about the sun in approximately elliptical pc.ths, but 
each is disturbed in its pathway by the forces of the 
other planets upon it. Laplace did much in the cal-
culation of the planetary orbits. There was developed 
a method for the calculation of the position of a 
planet in the future if its present condition and some 
of its past history was known. This problem can not be 
completely nor exactly solved for more than two bodies, 
but by methods of approximations it is possible to 
predict the positions of the planets for a considerable 
time in the future. Many observations were made and 
much data collected and tebulated during the first 
half of the nineteenth century. The sizes, masses, 
orbits and other constants of the elements of the planets 
and sun were calculated and published, 
4 
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ELEMENTS OF ~:iERCURY 
Leverrier did a great deal of this work in the 
calculation of the perturbations of the planets one 
upon the other. He carefully calculated the elements 
of Mercury and the other lmown planets.. From some of 
the unaccounted motions of the outer planets he pre-
dicted the presence and position of a new planet, which 
was discovered and is now called Neptune. He arrived 
at a value of 526.? seconds of arc per century for the 
v perihelion ad~ance of Mercury, 38 seconds of which he 
finally concluded was an excess unaccounted for by the 
pertubations of the planets and their satelites. 
George~. Hill, editor of the American Ephemeris and 
Nautical Almanac recomputed the secular perturabions 
of the planets and his results agreed very closely 
with those of Leverrier for Mercury. 
lfl611 Newcomb"was for years the director of the Naval 
Observatory and Nautical Alman~c undertook a complete 
recalculation of the elements of the planets and fund-
amen tal conste.nts of Astronomy, which VJ[J s published in 
1895. He used every available observation, making use 
of many overlooked by or unknovm to Leverrier. He found 
1 secular varioti m s not only in the perihelion of Mercury 
II ~ 
11 but in other of its elements and in the elen::.Ats of other 
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planets. His final results were published in the Supple-
ment to the Nautical Almanac, 1897. His final value for 
the advance of Mercury's perihelion was 41".6 per century, 
unaccounted for by the perturbations of the planets. Thus 
the mean of Leverrier's and Newcomb's values differ but 
little from 40" per century. Both Leverrier and Newcomb 
give a value of change of eccentricity of Mercury not 
n;a terially different from -8". 88, which they both thought 
was in some way related to the change of perihelion. 
EXPLANATIONS OF ADVANCE OF PERIHELION 
VARIOUS EXPLANATIONS 
Various explanations have been given to account for 
the perihelion ndvance of Mercury, many of which have been 
shovm to be untenable or impossible. Some have supposed 
that the mass of the planet changes Vlith its velocity; 
others, that the galactic motion of the universe would 
cause these changes. This, however, would bring about 
changes in the other elements of Mercury and in the ele-
ments of the other planets which do not appear. The same 
6 
can be said for the theory tho.t the advance may be accounted 
for by an error in the calculation of the Mass of Venus, 
since the mass of Venus is rather uncertain and is obtained 
by its 
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effects upon Mercury and Mars. The same arguments will 
largely dispose of the theory of an ellipsoidal shape of 
the sun, to account for perihelion advance as it would 
upset the other elements of the planets, many of which are 
quite accurately known, although we may thus account for 
part of the advance. Some have introduced an inner-planet. 
Declarations of finding it have even been published, but 
so far it is undiscovered and it is not believed now that 
it does exist. Others have postulated a ring of matter in-
side Mercury's orbit similar to the asteroids between Venus 
and Mars or of clouds of vapor within the orbit of Mercury. 
Hall and others have believed that a slight correction 
was needed to Newton's law of gravitation and determined 
an exponent of the radius that was necessary to account 
for this advance. A change in the eccentricity of Mer-
cury's orbit or the presence of the many small particles 
of matter in space which were neglected in the calculations 
have also been advanced as an explanation. Newcomb, how-
ever, decided not to take any hypotheses but adopted a 
compromise value of the various elements. 
RELATIVITY 
Since many scientists today consider that the general 
theory of relativity gives a satisfactory explanation of 
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the advance of perihelion of the planet t:ercury, so our 
discussion involves an examination of the origin and of 
the present standing of this famous theory • 
.James Clerk :Maxwell gave a mathematical form to the 
researches of Michael Faraday and showed that light is an 
electro-magnetic disturbance in the same medium postu-
lated as the basis of both electric and magnetic fields. 
Formerly light has been supposed to be a transverse vi-
N bration of an elastic solid especially inve$ted for the 
purpose. Mazwell supposed this electro-magnetic medium, 
called ether, to be stationary relative to the universe 
as a whole (whatever that means) and thus to provide a 
universal reference system for motions of material bodies. 
He also proposed an experiment for determining the motion 
of the earth relative to the ether. 
Without examining the theory involved in this experi-
ment, :Michelson and Morley carried out this experiment in 
1887, and, since the results were a small fraction of the 
results expected, they ascribed what results they did 
obtain to experimental error and reported the experiment 
as having a null result. 
Since that time two different theoretical problems 
have been considered; one of these was concerned Tiith 
the general theory of the experiment itself, and th~other 
8 
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with the consequences or an actual null result or the 
theory. 
The outstanding names connected with the first problem 
are W. M. Hicks, D. c. Miller, and W. B. Cartmel. Hicks 
worked out a mathematical theory of the Michelson-Morley 
experiment which is notable for the fact that it contains 
no approximations, something very unusual in a discussion 
involving velocities as different as those of material 
bodies and that of light. Cartmel has extended the work 
of Hicks and arrives at the conclusion that with the 
Michelson-Morley apparatus set up in a theoretically 
exact manner with the mirrors exactly normal to the light 
paths, the effect sought is theoretically zero, but on the 
other hand the fringe widths are also zero and therefore 
o~nnot be observed. This difficulty has, however, been 
circumvented by recent observers and a null effect 
observed. But Cartmel also concludes that with the mirrors 
arranged almost normal to the light paths, the velocity of 
the apparatus relative to the ether can be determined, 
and vii th the angle which was used by Miller the effect 
would be about one-twentieth of what Maxwell predicted. 
This accords exactly with Millerts findings. 
The outstanding names connected with the second 
problem are H. A. Lorentz and Albert Einstein. If the ex-
periment actually did produce a null result under all cir-
II 
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cumstances, it would beequivalent to saying that no matter 
whether light overtakes a moving observer or comes to 
meet him, to the observer it will seem as if the velocity 
of light relative to himself is the same in each case. 
On this basis, Lorentz worked out the transformation 
equations necessary to change coordinates from those fix-
ed with respect to one observer to coordinates fixed with 
respect to another observer, moving relative to the first. 
Lorentz, however, regarded the ether as fixed. Einstein 
1he 
definitely threw awayAether and interpreted Lorentz's 
transformation equations as meaning that two observers 
moving with respect to each other would find their units 
both of distance and time differing from each other; 
neither could use the distance units of the other, nor the 
other's time units. This, when restricted to uniform 
velocities, is known as Einstein's restricted theory of 
relativity. If we conceive of time as a fourth dimension 
into which the three-dimensional universe is moving with 
a speed ic, where c is the speed of light and i is the 
square root of minus one, tfren Einstein's restricted 
theory may be expressed geometrically by saying that one 
observer will naturally place his three dimensional 
space axes in the fourdimensional continuum with the 
fourth (time) axis perpendicular to the other three, and 
:: 
.;..;. 
assume himself to have no velocity other than his irre-
sistable velocity of ic along the time axis. This 
11 
observer can, however, visualize the time axis of the other 
observer making an angle with his own, and the otherts 
space axes mutually perpendicular as well as perpendicular 
to the new time axis. If the second observer uses his 
own axes it is equivalent to his considering himself at 
rest (except for his motion along his own time axis.) 
The trans~ormation equations necessary to pass from the 
axes of one observer to those of the other are the Lorentz 
transformation equations just mentioned. With motion re-
stricted to uniform velocities, the four dimensional 
geometry involved is Euclidean. 
Einstein's general theory of relativity, translated 
into geometrical language, states that in order to take 
into account accelerations due to gravity, it is only 
necessary to change the four-dimensional Euclidean geometry 
just mentioned into four-dimensional Riemannian geometry 
with the curvature of the four-dimensional space pro-
portional to the masses present, and to shift from the con-
ception of "stmight line" to that of "geodesic". In this 
way the planet Mercury (as VIall as the other planets)may 
all be said to be moVing along geodesics and no force of 
gravitation needs to be postulated. Going back to our 
II 
! 
I 
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il 
three-dimensional way of looking at things~ however, this 
is equivalent to the assumption that gravitational fields 
are propagated with the speed of light, that mass depends 
upon velocity, and that light is subject to gravitation. 
The excess or perihelion motion has been used by the 
proponents of the relativity theory as a proof of their 
theory above all other theories, although this excess may 
be and has been accounted for by other theories even be-
fore relativity appeared. Relativity calls for a very 
12 
L definite amount which differs from the accepted e:xpermental 
/1. 
value considerably. 
SULAIMAN'S ASStJMPriONS 
Several times it has been proposed even as rar·back 
as Laplace that gravitation might be a phenomenon pro-
pagated with a finite velocity or a periodic phenomenon 
or both. And hence either the aberration or Doppler prin-
ciples or both might be applied to gravitation as they 
have been to light. Laplace made such an attempt but 
neglected certain terms in the integration of his equations. 
Sulaiman made both assumptions and developed the equations 
which he solved by a method of approximations. In this 
way he is entirely independent of the outco~~ of the 
Michelso n-Uorley controversy. The only question is~ Does 
I 
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his theory result in the correct astronomical consequences? 
It is this question Which we wish to develop in this paper 
from Sulaiman's original ass~ptions without any of his 
approximations. 
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THE DEVELOPMENT, SOLUTION AND 
DISCUSSION OF THE DIFFERENTIAL EQUATIONS 
RESULTING FROM SULAIMAN'S TWO ASSUMPriONS 
14 
We will now proceed to the development and discussion of 
1sulaiman~s differential equations of motion. In the develop-
ment of this theory Sulaiman has made certain approximations in 
I 
'order to simplify the equations with which he was working. These 
!approximations will be noted later in the paper. It was felt 
I ithat a more exact solution of his differential equations would 
1\be desirable in order to show the effects of his approximations 
and to either confirm or confute his results and conclusions. 
i 
I Herein we will develop from the two assumptions which he has 
I 
ilaid down the resulting differential equations and solve them by 
~he method of undetermined coefficients. We will apply these re-
I 
sults to the orbit of a theoretical planet as like Mercury as 
I 
I 
possible with fixed constants, which are assumed exact to twelve 
I 
·significant figures. Thus we can determine the constants of 
! 
I 
~erihelion advance and of eccentricity change, as required by 
his theory, and compare them with the accepted values of these 
i 
constants as far as known from astronomy. 
I 
* * * 
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THE ASS~rPTIONS 
The assumptions for our present purpose are those taken by 
Sulaiman in his article in the Proceedings of the Academy of 
Sciences, U. P., India, Vol. 4, Part 1, pp. l-36, August, 1934. 
First, That gravitation is a phenomenon with a finite ve-
locity and enough of the nature of a periodic phenomenon that 
Doppler's principle may be applied. 
Second, That Newton's inverse square law of gravitation 
which holds for bodies at rest relative to each other, cannot 
hold for bodies in relative motion. That is, the apparent 
force of attraction between two bodies at rest is not the same 
as when they are in motion with respect to each other. While 
Sulaiman assumes that gravitation is the result of an emanation 
of very fine particles, which he calls "gravitons", which 
I emanate from the entire mass of a substance, but are at present 
I beyond the range of our perception. The rate of emanation of 
: gravitons is assumed dependent upon the material density ex-
l 
! isting in the neighborhood. It is equally well, for our present 
] purpose, to assume that gravitation is the result of a wave 
' 
·propagation traveling with a finite velocity, as Sulaiman so 
I 
states in his paper noted above. We will use the latter con-
ception in this paper. Newton supposed that the velocity of 
propagation of gravitation was instantaneous, but Laplace and 
1many others since his time have believed it to be finite. We 
ilwill assume this velocity to be about that of light and call it Vo 
I' 
11 1. 
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DOPPLER'S PRINCIPLE AND N~NTON'S LAW CO:MBINED 
---7 ~ h 
R f) /3' B'' 
tfijuYf' I. 
Let us apply Doppler's principle to two small particles at 
-
points A and B. The particle at A.being supposed fixed and the 
one at B in motion relative to A. Suppose that the distance 
between A and B is r. If the moving particle \rere fixed at B 
lthen a wave emanating from A with a velocity V would reach the 
point B in time T1=r/V. And if the particle were moving away 
from A With a velocity v towards a point say B", then by the 
time the wave had reached the point B the particle would be at 
some point say B' between Band B". Let us suppose that the 
1wave overtakes the particle at B" at a distance dr from the 
! 
!;point B. Let us take dr positive when measured away from A and 
d 
iinegative when measured toward it. Then the wave will overtake 
/the moving particle at B" in a time T2 = (r + dr)/v. And then I 
rs a succession of waves reach B", the frequency of the waves 
j
1
would be changed in the ratio 
I 
II li" a result of the motion of the moVing particle, 
r 1 
r + dr 1 + dr/r 
.i 
I 
r 
I 
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Also the change in the force of attraction due to the dis-
placement of the moving particle from B to B", where it is over-
taken by the waves is given by Newton's inverse square law. 
This change is expressed by the ratio 
GM (r + dr) 2 ~ GM 1 2 (1 + dr/r) 
Thus it follows that the total change in the effect of 
gravitation due to both the velocity of motion and the displace-
ment is given by the ratio 
1 ..,.(-=-l.-+~d==-=r~/r-r-r}-3 
But since the times taken for the wave to move from A to 
B" and for the particle to move from B to B" are the same, we 
from which we get 
r + dr 
v 
dr 
-v 
1 +ldr/r = 1- v/V 
1Thus the increased ratio of the change of gravitational attrac-
1: 3 
::tion or force is therefore (1-v/V) which may be written in a 
!I 
!'different form thus (1-r' /v)3 where r' denotes dr/dt the deri-
,1 
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vative of the radius vector with respect to the time. r' is to 
be taken. p·osi ti ve when the particle is moving away from A. 
THE PRINCIPLE OF ABERRATION 
Application of the principle of aberration of light to 
gravitation, a necessary result of the finiteness of the velo-
lcity, results in a shift forward of the line of attraction to-
1 wards the direction of motion. 
I 
I 
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11Let us consider a star and the earth E in motion with a velocity 
J!v. Let (a) be the angle of aberration; (Q} the angle which the 
!!direction of the earth's motion makes with the apparent direct- I 
ilion of the star. Then v/V = sin a I sinQ. When the earth is 
1
1
1 
ii I moving at right angles to the apparent direction of the star, 
ii then Q is 90° and v /V ~ s 1"r. II 
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RESULT OF THE TW'O ASSUMPTIONS 
Thus it follows that when a planet is moving in its orbit 
. around the sun, the effect of its transverse velocity v = r Q' 
\ (~' .is dQ/dt) is to shift the direction of attraction forward 
by an angle (a} where sin a is rQ'/V, and the effect of the 
radial velocity is to change the effect of gravitation in the 
ratio {1- v/V} 3 • Let us apply these results to the problem 
of obtaining the equations of motion of a planet moving about 
l 
1 the sun. 
PLANETARY ORBIT 
Let P be the position of a planet in its orbit and (r,Q} 
1 
its polar coordinates with respect to the sun s. Let PS' be 
the shifted direction of attraction of the sun, making an 
angle (a) with the radius vector PS. Let PR be the normal to 
PS and PR' toPS'. The accelerations due to the orbital motion 
along the radius vector and its normal are 
r" - rQt2 and l.d (r2Qt) respectively 
r dt 
)The vrhole force of attraction will be directed along PS' and 
1none along the normal PR'. So the effect of the Doppler prin-
1 
!ciple as noted above is to change the effective force o1' attrac-
\ 
It ion of gravitation to -GM {l-v/v) 3 
~ 
where v is the velocity of the planet along~the apparent 
direction of motion PS'. 
So v = r'cos a - rG'sin a 
- r'-(PG'} 2- r'{rG') 2 w r')rG')4 + •... 
V . 2V2 8V4 
But sin a= rQ'/V 
and there fore 
cos a = [l-(rQ' /v)J -fi = 1-(rQ' }2 
. - 2 
2V 
- ... 
Now resolving the accelerations along PS' and PR' we get 
sin a = - m (1 - v/v) 3 
2 
r 
where m = GM. 
and (r" - rQt 2 ) sin a+ {l.d (r2Q') cos a= 0 
.ll.t\ .dt 
(~ 
(4 
(5 
SULAIMAN'S EQ.UATIONS OF MOTION 
Now if we multiply (4) by - sin a and (5) by cos a 
and add we get, 
d (r2~P} =m(sin a)(l- v/V) 3 
at r 
and substituting for sin a frorr, { 2), we get 
d (r2gr} = m9' (l-v/v) 3 , where m = z.:G {6) 
dt. v-
t:ultiplying (4) by cos a and (5) by sin a and aclcing 
we get, upon multiplying by r2, 
r
2
r" - r(r9' }2 = -mCcos a)(l - v/V} 3 ( 7} 
Expanding (1- v/V) 3 , v1e get upon substituting for v 
from equation (1). 
(1- v/V} 3= 1- ~ + 3v2 - v3 = 1- 3r' + 3(r9') 2+ 3t2 
v vrr- ~ v vz -
. . . . . . . . . . . . . . 
Multiplying (8} by cos a from (3 ), we get, 
(cos a) (1- v/v) 3 = 1- 3r' + B( Q') 2+6r,2 ~
+ ll(r9') 4 - 12{rQ')2r,2 + 
av4 ••••••• 
(8} 
( 9 ) 
22 
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I OUR EQUATIONS OF 1WTION 
So our equations of motion become, 
d (r2Q')- mQ'(l- 3r' + 3(rQ') 2 + 3r• 2- 9(rQ'} 2r'+2r'3 
dt v- v- v2 2v3 
+ 3(r9' }4 + 
v4 • • • • • • • ) = o • 
r2r"- r(r9') 2 + m(l- 3r' + 
v-
5 (llG' ) 2 + 6r' 2 
2V2 
{10) 
- 12(r9')2r• 2 + •.... )=0 (11) 
sv4 
which are equations (6) nnd (7) in expanded form and 
are equivnlent to.them. 
As we shall show later, it is not neces8ary to carry the 
I terms involving powers of V greater than three, as these I 
:I 
n II 
:I 
'I 
" 
ii 
'I 
terms are small. They will be shotm to be of the order of 
ten to minus fourteenth power as conpared to the principle 
part of each coefficient, which precision is more than suffi-
cient for cur purpose in determining the value these equa-
tions will give for the advance of perihelion and change of 
eccentricity. 
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SOLUTION OF THE EQ.UATIONS 
We shall solve these equations by the method of undetermined 
-
coefficients. 
Let us take 
r = a + bt + ct 2 + dt 3 + 
Q = A + Bt + Ct2 + Dt3 + 
....... 
••••••• 
whence 
r' = b + 2ct + 3dt 2 + 
Q' = B + 2Ct + 3Dt2 + 
••••••• 
....... 
. 2 
r" = 2c + 6dt + 12et + •.••••• 
{12} 
(13) 
(14 'I 
(15} 
(16} 
Upon expanding these and multiplying as needed for equations 
(10) and (11), and substituting in these equations we get the 
results shown in part in tables (1) and (2). In these tables 
we shall omit the terms involving b after the t 2 term since we 
I i'Sl*ll show that b = 0. We have only included them in the first 
I part of the tables, to show how they would appee.r if needed. 
I· Equate the coefficients of each power of t in tables {1) and 
I 
I (2} to zero. Since it is identically zero, then each co-
l effie ient must vanish individually, and r:e can get the co-
' I I 
, efficients of equations {12) and (13}. 
II 
BOUNDARY CO~~ITIONS 
However, the work may be somewhat shortened if we apply the 
boundary conditions for our imaginary planet, as much like 
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Mercury as fixed constants will permit, before proceeding 
further with the determinations of these coefficients. The 
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boundary conditions may be taken quite simply, if we place the 
sun at the pole, use perihelion as the polar axis and start 
counting time at perihelion. From Figure 4 and also from the 
equation {12) we see that r = a = perihelion distance when 
t = 0. Also from equation {13} we see that ~=A= 0 when t = 0 
Now differentiating each equation with respect to the time, we 
have, when t = 0 1r' = b and ~' =B. But r' is zero at per-
ihelion since the radius vector is a minimum, hence b = 0. And 
~' is a maximum value and a constant at perihelion. Hence we 
have determined all the constants of integration of the two 
equations as they apply to our supposed planet. The constants 
are then: 
a = r = the radius of the orbit at perihelion. 
b = r' = 0 = radial velocity at perihelion. 
A = 9 = 0 = polar angle at perihelion. 
B = ~' =a constant =the angul~r velocity vmich is a 
:maximum at perihelion. These will be numerically evaluated 
for our planet when we need them. Now we are ready to determine 
ithe coefficients of equations (12) and {13) in terms of these 
I -lfour constants and the constants V and m. We shall illustrate 
I 
/the met hod for one term, say d, which we may get by equating 
I 
:!the coefficient of the t term in table 2 to zero. See table 3. 
'similarly we get the values of the other coefficients which 
I 
·I 
c. s 
/ t::() /2-=a B= o ~ J J 
appear in table 4 in a shortened notation where n = ~3B2 and 
u = l/av2• 
If we eliminate (l-v/V) 3 between equations (10) and (11), 
'and simplify, we get 
frr" _ (rQ.' }2} ~' = [1 - (rG' )2- • ·] ~ (r2g.r) j V - 2V2 dt (17! 
I 
Vfuen we substitute the values of the coefficients up to 
and including g and G as given in table 4 in this equation, 
I DETERMINATION OF CONSTANTS 
· numerical II Now let us determine the;values of the six constants as 
!they apply to our given planet. We Shall assume that the approx 
I 
imate constants of Mercury's orbit are exact to twelve signi-
ficant figures. 
a = 2.850,000,000,000 x lOZ miles, the perihelion distance. 
e = .205,000,000,000 eccentricity of the orbit. 
10 3 2 
m = 3.168,500,000,000 x 10 mi /sec m = GM where G is 
I the gravitational constant and M is the mass of the sun. 
~, 
l 
II 
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h = 1.043,140,546,780 x 109 mi2/sec, where h2=am(l+ecos Q) 
when Q = 0. 
B = 1.284,260,445,400 x 10-6 seo-1 , where B = h/a2 • 
V = 1.863,000tOOO,OOO x 105 mi/sec, the assumed velocity 
of gravitation. 
our values may differ very slightly from Mercury's because of 
the above assumption and will be the values of our supposed 
orbit of Mercury instead of the exact one. 
PRECISION REQUIRED 
Before substituting these values in the coefficients of 
table 4 let us note the precision required in order to detect 
: the change in perihelion. Since our planet has a period of 
l 
, approximately eighty-eight days and the accepted value of the 
1 
advance of perihelion is about forty-two seconds of arc per 
century, then we should expect an advance of about .01013 
seconds of arc per period of revolution. This, reduced to 
i radians would give us a value of about 5 x 10-f as the v~lue 
of perihelion change or advance, from perihelion to perihelion 
or one-half this amount from perihelion to aphelion. Therefore 
we need to carry our constants to an accuracy of about ten 
significant figures in order to detect the amount of the change. 
j By a study of table 4 we ::· -:< note that the terms which 
I 
:I 
enter into the coefficients arrange themselves in groups w1 th 
0 1 2 the factors u , u , u , etc., where the table is continued thus 
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b=O 
Table 4 
c = -1 (2n - 2m - 5nmu + (ll/~2mu2) 
4a2 
d = m (lOn- 5.m + u(l8n2- 3lnm)) 
12a4v 
n = a3B2 
m~GM 
u = l/aV2 
a == -1 ( 6n2 - lOnm + 4m2 - u( 11n2m + 44nm2 - 30m3}) 
4Sa5 
32"· 
r = -m (64n2- 92nm +30m2 +u(l32n3 -313n2m -39nm2 +105m3)) 
120a?v 
)I 
I{ . 
g = 1 { 90n3 - 222n2m + l76nm2 - 44m3 -u( 14ln3m + l7~n2m.2 _ 
1440a8 
- 2626nm3 + 840m4)) 
h == m i4170n3 - 9458n2m + 6804nm2 - 1512m3 - u(l815n4 + 
1~ov . 
- 3162n3 .m + 1428n2m2 - l6524nm3 - lOOSOm4)) 
1 = -1 (1575n4- 5193n3m+6246n2m2- 3212nm3 + 58~4+u( •• )} 
40320all 
A~o 
B = a constant 
c = mB (1 + 3nu - 3n2u2} 
2a2v 
D = -B (n • m - u(nm + 2m2)} 
~ . . 
E = -mB (18n- 14m+ u(42n2 - 45 nm- 25m2)) 
24a5'V 
F = ~(24n2 -46nm +22m2 -~(38n2m +147nm2 ~~Om3)) 
120a6 
G = mB (712n2-1020nm+412m2 +u(l356n3-300?n2m-s3 ~. 720a8v 3run-t-l75Qm.3} l 
(360n3 - 10lln2m + 943nm2 - 292m3 +u( n=£ .... )) 
2520a9 
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far. We shall now show that it is unnecessary to carry the 
I 
third group. The terms of the coefficients of each power of u 
will be found upon substitution to be of about the same order, 
! usually not differing by more than one decimal place. But the 
!~groups will be found to differ from the preceding group by ~~~about 10-7. So the third group will differ from the principle 
! -14 i group by 10 , and need not be carried in our calculations. 
I 
\l 
t!So all the terms of degree higher than one in u may be neglected 
i Now let us make our substitution of these constants in 
I 
\table 4 and obtain the numercial value of the coefficients as 
I 
I 
!given in table 5. 
I We note from this table of values the t the value of the 
I 
\terms are decreasing in a regular order and that they alternate 
I 
1/in sign in pairs. . It seems probable that both of these arrange-
lments rould continue if we should take more tenns. 
i 
I 
I 
I 
i 
il 
lj 
:and 
ll 
!I 
I 
I 
>! 
:I 
I 
i 
I q 
i 
THE SOLUTION OF OUR EQUATIONS 
We .5li"ll now set these coefficients in th 
e equations (12} ( 13} and get 
~= 2.850,ooo,ooo,oooxlo7 + 3 998 414 nll -6 2 
• , .~ ,953xlo t + 
4.118,02S,051,1Slxlo-15t3 - 7.365 423 68 -19 4 • , 7,777xlo t _ 
-1.124,464,935,?90xlo-27t5 + 1 625 30
. 
• , 4,615,415xlo-3lt6 + lo-4C 7 3.791,753,x t - 4.326,728xlo-44t8 + 
••••••• (18) 
Table 5 
a= 2.850,000~000,000 x 107 miles 
b = 0 
c = 3.998,414,911,953 x 10-6 miles/second2 
d = 4.118,028~051,181 x lo-15miles/second3 
e = -7.365,423,687,777 x lo-19miles/second4 
f = -1.124,464,936,790 x lo-27miles/second5 
g = L.625,304,615,415 x 10-3~11es/second6 
h = 3.791,765,---,-~- x l0-4°miles/second7 
1 = -4.326,728,---,--- x 10-44miles(second8 
j = 
A= 0 
B = 1.284,260,445,400 x 10-6 seconds-1 
-16 2 C = 1.344,541,767,504 x 10 seconds-
D = -1.201,170,985,045 x 1o-19 seconds-3 
E = -1.179,338,647,174 x 1o-28 seconds-4 
F = 2.844,261,534,499 x l0-32 seconds-5 
G = 5t005,583,634,372 x 1o-41 seconds-6 
H = -8.430,254,---,--- x 10-44 seconds-? 
~~===============-~=--~==========================~= 
get 
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g = 1.284,260,445,400x10-6t + 1.344,541,767,405xl0-16t2 -
-1.201,170,985,045x10-19t 3 - l.l79 1338,647,174xl0-28t 4 + 
2.844,26lxl0-32t 5 + 5.005,583xl0-41t 6 - 8.430xl0-45t 7 •••• 
(19 
TIME BETWEEN CRITICAL VALUES 
Differentiating equation (18) with respect to the time we 
rt = -3.4614t 6 + 2.654lxl04t 5 + 9.7518xlo12t 4 - 5.6223 
xlo16t 3 - 2.946lxl025t 2 + 1.2354xlo29t + 7.9968xlo43 (20 ) 
which we have written to the first five figures in order to 
test our results with the accepted values of the orbit of 
Mercury. '±!he fiist root t·=-~ has oeert rt;moved tr6nCT207..-
Since r' is the rate of change of radius vector with 
1 
respect to the time it will have maximum and minimum values 
! at aphelion and perihelion. So we shall set equation (20) 
I 
:I equal to zero and solve for the values of t. The first root 
II t = 0 having been removed. Solving this equation by Horner's 
method we get t = 1.6475xl66 seconds approximately as the 
largest positive root, whereas it should be, in order to fit 
out supposed orbit 3.8016 ••••• x 106. This is nineteen 
days as compared with forty-four days of our supposed orbit. 
No roots of r' exist beyond this one for this equation as 
shown by Horner's method, or synthetic division. Substitu-
ting this value in equation (18) we get a value of g between 
critical points of 1.62 radians as compared with 3.1416 radians, 
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the expected value. Thus we need not solve equation (18) 
more precisely. 
CONCLUSION 
This result shows a large retrogression of perihelion in~ 
stead of an advance. If we try the known value of t between 
critical points which is about 3.8 ••• x 106 in equation 
(19}, the series becomes decidedly divergent, while for the 
value just obtained from equation (20} it is slowly con-
vergent. Hence we are forced to conclude that the equations 
do not give the expected values of perihelion change; in 
fact, do not give any value even close to the known values. 
We shall check this in yet another way. 
COIPARISON OF EQUATIONS 
But first let us compare the original equations which 
we have used with those Sulaiman used after he had made his 
approximations and with the equations of motion of a planet 
following Newton's law of gravitation. Vle shall express 
both Sulaiman's and Newton's equations in forms correspond-
Ov'Y.s ing to lltlne. This is a bit difficult as Sulaiman's approx-
.. 
imations affect the coefficients of both series after the 
first ter.m of each series. Table 6 showsthe equations 
and relative values of the coefficients of the r equations 
for the· three different pairs of original differential 
i/ equations as far as it seemed advisable. It is readily 
·! 
II 
_jL-
II 
)' 
==~~============================~~--~----=-----==-~-========~ 
3? 
noted that the terms of the first group are the same for each 
of the three different equations, except that every other 
coefficient of Newton's equations is zero. 
We may make some comparison of the relative importance 
and value of the omitted terms and see the effect of the 
approximations. Thus we may be able to judge somewhat of 
the validity of dropping certain terms in Sulaiman's equa-
tions. For example, in Sulaiman's second equation he 
carries only the constant term in the parenthesis and thus 
is able to integrate at once. But the omitted term is of 
sufficient value to affect the seventh if not even the sixth 
significant figure as noted before. Thus, since this 
approximation is substituted in the first equation, all the 
terms of the second group differ from those of our equations. 
Exactly what his second group terms should be 1 s difficult 
to determine for the coefficients of both series as used 
in the development enter into the determination of the 
succeeding coefficients. Nev:ton's equation will give a 
comparison to but about sixth significant figure, and thus 
can only be used to see if we are any where near our desired 
, result. 
I' 
CIIECK OF WORK 
Inasmuch as these comparisons do not permit us to 
make an exact comparison and do not yield a numerical value 
11 for either perihelion advance or for any change in 
~ i 
il 
.... ·'~~----.-- -~--------
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Table 6 
OUR EQUATIONS 
d(r2Q' )-mQ' (l-3r'+3(rQ' )2+3r'2 - 9(rQ' )2r'+2r' 2 _.-;(;.+ •• ) = o. 
dt _ --v- --:;r . v2 . . . 2V3 _ 
r2r" -r(rQ' )2+m(l -3r'+ 5(rQ' )2+6r'2 - 3(rQ' )2r' + r• 3 •• } = o. 
.. V. . 2V2 . V~ 
SULA.IM.Al{' S EQ.UATI ONS IN OUR FORM 
d(r2Q) -mQ'(l- 3r' + ~rG')2 ••••• ) 
dt - - - * V. V. Vt:.. 
r
2
r" -r(rG' )2 +m(l -3r' + 3{rQ• )2...... } 
v. vz = o. 
NEWTON'S EQUATIONS IN OUR FORM 
( a constant 
r2r"- r(rQ')2 + m == o. 
The values of a, b, A, B Will be the same for all three equa-
tions· Cor.~paring the other terms and neglecting the constant 
multiplier Which is th 
e same for all three pairs of equations, 
we have 
OUR EQ.UATICl~S 
c = n - m ~/2Pmu 
c = 1 + 3nu 
d +10n-6m+(len2-3lnm)u 
D == n-m-(nm+2m2)u 
e :::: 3n2-5nm+2m2 
+22 2-(1112n2rn 
E -lsn-l4m+(~ 215m3)u 
n -45nrn 
-25m2)u 
*Sula.iman d . 
SULAIM.AN'S NE·::TON'S 
n .;.. m - 3nmu n- m 
1 + nu 
-
0 
n- m 
. raps th m~tion but ese underlined terms in his approxi-
' they 
equation Unl 
ess 
aren 
ecessary in the expansion of the second 
we neglect a 
1'\o-..+ ,..-f' it~ 
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eccentricity if such there be, let us approach the problem 
in yet a different ~ny, and compare the results with our first 
conclusions. 
Let us take the equation of an elliptical orbit in the 
form r = (21) ( 1 + eco s Q + 'W + dw) 
which may be put in the form 
r = h2 (22) 
m(l + ecos (Q + pQ)} 
-where for convenience we pave assumed w is 0, when t is 0 
and have put dw as a function of ~ in the form pQ, in which 
p is a constant to be determined and represents the advance 
of the longitude ofperihelion. Now let us suppose that e 
may also cho.nge with time and may be represented by the 
values 
e = e + e t t e t 2 
0 1 2 (23) 
and we will let Q be the series 
Q =A+ Bt + Ct2+ Dt3 + •••••••• 
which is our eauation (13) 
Now we shall expand cos(l + p)Q into the Maclaurin series 
! and replace g. 
! 
Then r will become since A is also O, 
r= 
I 
ilwhioh we will now expand and multiply out as shown in 
1: table 7. 
I 
I 
q 
-------- - -· 
TABLE 'Z 
C6S .fl.. A. 
.y 
(} :: I - + e -- - -- -
~I -~I , , 
Ca~IJICLI"llt~ fo t I tJ. t' uJ-
f) :: 8(1+p) e(t-~-I'J IJ{ I +tf') 
I !J"- ~ -BC ( 1 f-~)" J:f!r;J Cos B ~ 
o" ' -~JJC/1 t/') 1. 
..L.o ~ {171!) 
~ 
..L. Cos f):: .£, 
-.,t., ~ (r~'" 
L.t 
o, 
--
tVh~JJCP b! : (!t..f~) kt 
4-::_e,~ 
~: fJ -_,~0 f)(!{~l~ 
~t;::-fe(J~.~e '"~!df){I~J?-~ 
Br = 
"LL " _ 
t"' 
E (; t- tfl) 
-{Of) 1- 'J)( !~) z. 
f ~(/f~'l 
;r 
t-..fo{O.D r c~¥!~ J ~ 
+~ P),{¥ fIt-~ r 
-7B-e ( 1"¥-) 1. 
~.e..t ~ ( 1+-tp) z. 
_j 
==tt======================--=-=-=----~-=-=--===H= 
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Then we may write, 
r = h2/(B0 + B1t + B2t
2 + B3t
3 + ••••••• ) ( 25) 
1 
where the B'.s with the subscripts are to be replaced by the 
values just found in Table?. But first let us divide and 
I 
get our series out of the denominator. Upon dividing we get, 
r = h2 l-(l-B1t+(B12-B0 B2)t2 - (B13-B0 B1B2+B0 2B3 )t3 + 
BB2 B3 B4 
0 0 0 0 
(Bl4+2Bo2-Bo3B4-3BoB12B2+Bo2B22)t4 + ••••••••] (26) 
Bo 
Now if we replace the B's with their values from Table 
? and equate each coefficient of equations (22) to the corres-
ponding coefficient in our equation (12) which is 
r =a+ bt + ct2 + dt3 + •••• 
Then, 
a= h2/B = h2/(l+e )m (2?) 0 0 
which checks with equation (21) when t = o. And if t = 0 
then e0 = e, the eccentricity of our ellipse. 
b = -B1h2/B0 2 = e1h2/(l+e0 )2m = 0 since b = o. (28) 
Hence B1 = 0 and thus e1 = 0. 
o = (Bl2-BoB2)h2/Bo3 = -B2h2/Bo2 = -(e2-eOB2/2)h2. 
(1 + p) 2f.(l + e 0 )~ (29) 
which has two unlmovms e2 and p, so we must get the 
next equation. 
l 
I 
I 
I 
i 
!I 
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(30) 
since B1 and e1 = ~. In this we see that p is the only 
unknown and thus we may solve for p and then substitute in 
. the equation (~) and get e2 also. 
Solving for p Tie get, 
p = ~d(l + e 0 ) 2m/e 0 Bc]i/h - 1 ( 31) 
The value of these constants are given in Tcble 6 and 1: il 
11 on page 9. Substituting these values in (31) we get 
p = +2.217813 - 1 _and, using the positive value of the 
radical, we have p = 1.217813. This is a very large value 
for the change in the longitude of perihelion and confirms 
our previous results as we shall now show. 
CONFIRMATION OF CONCLUSIONS 
If we take the time of one-half revolution of our 
il planet, which is 3.8016 x 106 seconds, and divide by 1 + 
I 
II 
p or 2.217813 we shall get the time from perihelion to 
aphelion which brings aphelion in about 1. 714 x 106 seconds 
as compared with the value of 1.6475 x 106 which we had 
! before. {See page 35) 
Now solving for e2 from equntion {23) ~e cet 
e2 = e 0 B2(1 + p~- (1 + e0 )2nlC/h2 (32} 
and substituting the numerical values of the constants 
43 
I as above we get e2 2.21 x l0-
13 seconds - 2 
,, 
il 
ll 
RESULTS 
Hence we are again forced to the conclusion that 
Sulaiman's equations derived from the Doppler and aberration 
principles will not account for the accepted advance of 
perihelion of Mercury. In fact, we have a retrogression of 
perihelion and it takes only about ninetteen days to go 
from perihelion to aphelion according to these equations. 
Our equations, which came from the original assumption 
do not lead to the expected changes in perhelion of 1-.iercury. 
The equation which Sulaiman used in his sixth and seventh 
approximc:·ti ons leading to the expected chonges ·was ob-
tained from these assumptions by several approximations. 
Therefore his original assuTptions are lost in the process 
of his ap,roxim~tions. Since ~e arrives at a correct 
result, it would be interesting to find physical a:::sumptions, 
which would lead to hi~ results without approximctions. 
,, 
i< 
I' 
I 
I ~F========================== -----------------~--------
DIGEST OF THE DISSERTATION 
Sulaiman bqsed his Theory of Relativity upon the tvro 
assumptions that gravitation was a \'JaVe phenomenon, and 
44 
_possessed a finite velocity about equal to that of light. 
Hence the Doppler and aberration principles may be applied. 
The equations resulting from these two principles applied to 
pl8netary motions are 
,: d(r2Q' )-m9' (l-3r'+3(rQ' )2+3r'2 - 9(rQ' )2r'+2r'3+ ••• ) 
: d t V V vz 2V5 . 
o. 
l r 2r"-r(rQ' )2+m(l-3r'+5(rQ' )2+6r' 2 3(r9' )2r'+r' 3 •••• ) 
v 2v2 v3 
o. 
These equations were solved by Sulaiman by a system of 
approximations that seemed to be in places a little uncer-
/ 
tain. So we have solved them by the method of undetermined 
coefficients letting 
r = a + bt + ct2 + 
Q = A + Bt + Ct 2 + 
•••• 
•••• 
First we found the values of r and Q in terms of the constants 
of integration which we crlled a, b, A and B. Then we deter-
:I mined the value of these constants for the orbit of }.1ercury 
:i and substituted in the equations for r and Q. The expanrion 
,, 
il 
:1 was carried out with sufficient precision and all terms 
II q 
i' carried ~ that would in any v1ay affect the result so as 
:l 
lto detect the expected changes in the advance of the perihelion 
d i 
i 
I 
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1! of _Mercury. The r equation vn·s differentiated VIi th respect 
I 
I 
to the time and set equal to zero. Then we solved fort, 
which should be the time between successive perihelion and 
aphelion of Mercury. The value of t from this equation is 
1. 6475 x 106 seconds whereas it sho;;ld be about 3. 8032 x 106 
seconds. This indicates a rather strong retrogression of 
perihelion instead of an advance. In order to check up on 
this result the equation for an elliptical orbit was taken. 
r • h2/m(l + e cos g (1 + p) 
If we suppose that e and 9 may vary with time in this 
· equation and expand and multiply out e cos g, and then sub-
) 
1 stitute the values of 9 as found previously and compare 
I, term by term with the r equation, we find a vnlue of the 
advance of perihelion that checks very closely with our pre-
li vious result. 
!i 
Hence we are forced to conclude that the 
!! il assumptions of Sulaiman do not by the application of the 
:I 
:1 Doppler and aberration principles account for the motion 
il ii of Mercury's perihelion. 
'I 
.I 
il 
'I 
I 
i !I 
I 
I 
'I !I 
I 
I 
I 
I 
I 
I 
I 
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